ABSTRACT
to constant shear hypotheses, see [4] [5] [6] [7] [8] as examples.
Due to the advent of computational methods, mostly FEM, the analysis of complex aircraft structures continued to be made using a combination of solids (3D), plates/shells (2D) and beams (1D). These were implemented first in NASTRAN codes. Many others commercial FE codes have been developed and used in aerospace industries. Nowadays FEM models with a number of unknowns (degrees of freedom, DOFs) close to 10 6 are widely used in common practise. The possible manner in which stringers, spar caps, spar webs, panels, ribs are introduced into FE mathematical models is part of the knowledge of structural analysts. A short discussion of this follows. A number of works have shown the necessity for a proper simulation of the stiffeners-panel "linkage". Kolli and Chandrashekhara [9] formulated an FE model with 9-node plate and 3-node beam elements. Gangadhara [10] carried out linear static analyzes of composite laminated shells using a combination of 8-node plate elements and 3-node beam elements. As far as dynamic analysis is concerned, Samanta and Mukhopadhyay [11] developed a new stiffened shell element and, subsequently, they used this element to determine natural frequencies and mode shapes of different stiffened structures. In [12] , Thinh and Khoa developed a new 9-node rectangular stiffened plate element for the free vibration analysis of laminated stiffened plates based on Mindlin's deformation plate theory. Recently, Vörös [13] formulated a new plate/shell stiffener element. In Vörös' theory, the stiffener element is developed by means of a general beam theory, which includes the constraint torsional warping effect and the second order terms of finite rotations.
The works mentioned so far show a clear interest in investigating FEM applications to reinforced-shell structures. In most of the articles in literature, such as those cited above, plates/shells and stiffeners are modeled as separate elements and a simulation of the stiffener-panel "linkage" is often necessary. Usually, beam nodes are connected to the shell element nodes via rigid fictitious links. This methodology presents some inconsistencies. The main problem is that the out-of-plane warping displacements in the stiffener section are neglected and the beam torsional rigidity is not correctly predicted.
The main aim of the present work is to introduce a new 1D formulation which is able to model reinforced-shell aircraft structures. The present component-wise (CW) approach deals with shells and stiffeners by means of a unique 1D formulation, with no need to introduce "fictitious links" to connect beam and shell elements. The CW approach has recently been exploited for the analysis of laminated composites [14] and it has proven to be able to model single fibers and related matrices, entire layers and whole multilayers. Furthermore, the CW models have shown their enhanced capabilities in dealing with both static [15] and free vibration [16] analysis of wing structures.
The present work is part of the framework of the onedimensional Carrera Unified Formulation, CUF, which was recently proposed by the first author and his co-workers [17, 18] . Two classes of CUF 1D models were formulated: the Taylorexpansion class, hereafter referred to as TE, and the Lagrangeexpansion class, hereafter referred to as LE. TE models exploit N-order Taylor-like polynomials to define the displacement field above the cross-section with N as a free parameter of the formulation. The strength of CUF TE models in dealing with arbitrary geometries, thin-walled structures and local effects were evident in static [19, 20] and free-vibration analysis [21, 22] . An important feature of TE models is that EBBM and TBM classical beam theories can be derived as degenerate cases of the linear Taylor-type expansion. Conversely, the LE class is based on Lagrange-like polynomials to discretize the cross-section displacement field and LE models have only pure displacement variables. Recently, static analyses on isotropic [18] and composite structures [23] have revealed the strength of LE models in dealing with open cross-sections, arbitrary boundary conditions and obtaining Layer-Wise descriptions of the 1D model. In the following a brief overview on CUF is proposed and the CW approach is described. Next, some examples are addresses. Finally, the main conclusions are outlined.
PRELIMINARIES
The notation assumed in this paper is hereafter introduced. The adopted coordinate frame is presented in Fig. 1 . Let us introduce the transposed displacement vector,
The cross-section of the structure is Ω, and the beam boundaries 
The subscript "n" stands for terms lying on the cross-section, while "p" stands for terms lying on planes which are orthogonal to Ω. In the case of small displacements with respect to a characteristic dimension of Ω, linear strain -displacement relations can be used
where D p and D n are linear differential operators. They can be found in [17] . Constitutive laws were exploited to obtain stress components,
According to Eqn.s (2), Eqn. (4) becomes
The matricesC pp ,C nn ,C pn , andC np contains the material coefficients. For the sake of brevity they are not reported here. They can be found in [24] .
HIGHER-ORDER FINITE BEAM ELEMENTS
In the framework of the CUF, the displacement field above the cross-section is the expansion of generic functions, F τ ,
where F τ vary over the cross-section. u τ is the displacement vector and M stands for the number of terms of the expansion. According to the Einstein notation, the repeated subscript, τ, indicates summation. The choice of F τ determines the class of 1D CUF model that has to be adopted. Two cases are addressed in this paper: TE and CW/LE. TE 1D models are based on polynomial expansions, x i z j , of the displacement field above the cross-section of the structure, where i and j are positive integers. For instance, the displacement field of the second-order (N = 2) TE model is expressed by
The order N of the expansion is arbitrary and defines the beam theory. N can be set as an input of the analysis.
For LE class, F τ are Lagrange-like polynomials. In this work, three types of cross-section polynomial sets were adopted: four-(L3), four-(L4), and nine-point (L9) elements. The isoparametric formulation was exploited to deal with arbitrary shaped geometries. The L3, L4 and L9 interpolation functions are given in [25] . For instance, the L4 function is
where r and s vary from −1 to +1, whereas r τ and s τ are the coordinates of the four points whose numbering and location in the natural coordinate frame are shown in Fig. 2a . Unlikely TE,
FIGURE 2. CROSS-SECTION L-ELEMENTS IN NATURAL GE-OMETRY
one of the most important feature of LE models is that they have only pure displacement degrees of freedom. More details about LE models can be found in the paper by Carrera and Petrolo [18] . For both TE and LE models, the FE approach was adopted to discretize the structure along the y-axis. This process is conducted via a classical finite element technique, where the displacement vector is given by
N i stands for the shape functions and q τi for the nodal displacement vector. For the sake of brevity, the shape functions are not reported here. They can be found in many books, for instance in [26] . Elements with four nodes (B4) were adopted in this work, that is, a cubic approximation along the y-axis was assumed.
The stiffness matrix of the elements, the mass matrix and the external loadings vector can be obtained via the principle of virtual displacements. For the sake of brevity, the derivation of the elemental matrices and the loading vector is not provided in this paper, but it can be found in [17] . For illustrative purpose, 
where:
) dy (12) It should be noted that K i jτs does not depend either on the expansion order or on the choice of the F τ expansion polynomials. These are the key-points of CUF which allows, with only nine FORTRAN statements, the implementation of any-order of multiple class theories.
The component-wise approach
The refined TE models described above are characterized by degrees of freedom (displacements and N-order derivatives of displacements) with a correspondence to the axis of the beam. The expansion can also be made by using only pure displacement values, e.g. by using Lagrange polynomials. The resulting LE can be used for the whole cross-section or can be introduced by dividing the cross-section into various sub-domains (see [18] ). This characteristic allows us to separately model, for instance, stringers and panels. The LE formulation was used in this paper to implement CW models of reinforced-shell wing structures, as shown in Fig. 3a where a two-stringer spar is considered. Figure 3b shows a possible CW model of the spar where each component was modelled via one 1D LE element. Each LE element is then assembled above the cross-section to obtain the global stiffness matrix based on the 1D formulation. Since panels could not be reasonably modelled via a 1D formulation, 1D CW models can be refined by using several L-elements for one component. This aspect is shown in Fig. 3c where the panel is modelled via two 1D LE elements. By exploiting the present 1D formulation, the analysis capabilities of a structural model can be enhanced by 1. locally refining the LE discretization; 2. using higher-order LE elements (e.g. 4-node, 9-node, 16-node, etc.).
NUMERICAL RESULTS
Some examples are discussed in this section. First, the static analysis of a three-bay wing box is addressed. Next, free vibration analyses of a fuselage section and a complete wing are introduced. The results are compared both with classical beam theories and solid/shell elements of the commercial code MSC/NASTRAN. The attention is focused on the ability of the present CW formulation to foresee the effects due to both longitudinal and transverse stiffeners as well as open sections on thin-walled aerospace structures.
Static analysis of a three-bay wing box
The first analysis case was carried out on the three-bay wing box [15] for which PS and BS solutions were given in Rivello's book [2] . The considered structure is shown in Fig. 4a 6 and 7 show the span-wise variation of the axial and the shear stress components for the three different configurations. BS and PS solutions are provided for the full model of the three-bay wing box for comparison. The structure has three redundancies. Finally, Fig. 8 shows that the present CW model is able to detect the distribution of transverse stress components on ribs. The following remarks can be made: 1. CW/LE models correctly predict ribs and local effects, as they match the results obtained with solid/shell models. 2. Higher than sixth-order TE models are required to correctly predict the cross-section deformability.
Modal analysis of a fuselage section
The free vibration analysis of a fuselage section was carried out next. The cross-section of the fuselage is considered to be circular and it is shown in Fig. 9 . The outer diameter, d, was set to 2 m, whereas the thickness, t, was 0.02 m. The length-todiameter ratio, L/d, was taken to be equal to 10. The cylinder was made of an aluminium alloy with elastic modulus E = 75 × 10 3 MPa and Poisson ratio ν = 0.33. The fuselage was clamped at both its ends. Figure 10 shows the first bending, torsional and shell-like modal shapes by CW model. The following statements are worthy of careful study:
1. Classical and lower-order TE models are not able to describe the dynamic behavior of the fuselage structure. 2. Higher-order TE models are able to detect both global (bending, torsional) and local (shell-like) modes of the fuselage. 3. The proposed CW model of the thin-walled cylinder only detects bending and torsional natural frequencies. Local shell-like modes are not correctly described. This could be due to the high distortions that inflict LE elements for this particular problem. Improved results can be obtained by increasing the number of LE elements above the fuselage cross-section. 
Modal analysis of a complete aircraft wing
The free vibration analysis of a complete aircraft wing was carried out for the final assessment. The cross-section of the wing is shown in Fig. 11 . The NACA 2415 airfoil was used and two spar webs and four spar caps were added. The airfoil has the chord, c, equal to 1 m. The length, L, along the span direction is equal to 6 m. The thickness of the panels is 3 × 10 −3 m, whereas the thickness of the spar webs is 5×10 −3 m. The whole structure is made of the same isotropic material of the previous analysis case. The wing was clamped at the root. For the present wing structure, two different configurations were considered. Configuration A had no transverse stiffening members. In Configuration B the wing was divided into three equal bays, each separated by Table 3 shows the main modal frequencies of both structural configurations of the wing. In this table, the results obtained through the CUF models are compared to those from classical beam theories and to those from SOLID models. In the last two rows of Tab. 3, the frequencies of the first two shell-like modes are stated. The following considerations hold.
1. The bending modes of the wing are correctly detected by both the lower-order and higher-order TE models. 2. As revealed by the previous numerical examples, at least a cubic expansion on the displacement field (TE N = 3) is necessary to correctly detect the torsional modes. 3. The CW models match the SOLID solutions, in fact, shelllike modes can be obtained by means of LE beam elements. 4. The computational effort of a higher-order beam model is significantly lower than the ones requested by solid models.
To deal with complex structures, such as the one consid- ered in this section, the CW models were included into the commercial software MSC/NASTRAN, which was used to solve the eigenvalue problem through DMAP alters, and MSC/PATRAN was used for the post-processing of the CW model of the wing. Two shell-like modes evaluated by means of the CW model are shown in Fig. 12 for Configuration A.
CONCLUSIONS
This paper has considered and compared existing methods and recent approaches that exploit one-dimensional structural theories based on the Unified Formulation, which allows for the straightforward implementation of higher-order analysis without the need of extensive revisions of the model. The main conclusion to be drawn is that the present component-wise analysis appears to the authors to be the most convenient way, in terms of both accuracy and computational costs, in order to capture the global and local mechanical behavior of wing structures. However, particular attention has to be paid when discretizing structures with low radii of curvature. Additionally, the present CW approach allows us to build FE mathematical models by only using physical surfaces. This characteristic of CW models is a unique feature that makes this approach advantageous in a CAE/CAD scenario.
